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Abstract A different approach to enzyme kinetics stressing the cyclic nature of the
catalytic process is presented. The time-dependence of the substrate concentration is
derived in a simple way not invoking the quasi-steady-state approximation. According
to this approach the turnover rate can be written as the ratio of two parameters with a
direct meaning: enzyme efficiency and average cycle duration. Real kinetic data for
two enzyme-substrate pairs is used to show that the enzyme kinetic efficiency is best
measured by the turnover rate.

Keywords Enzyme kinetics · Quasi-steady-state approximation · Lambert function

1 Introduction

Enzyme E and substrate S (usually in large excess) associate by a fast bimolecu-
lar reaction (ka ≈ 107 to 1010 M−1 s−1) to form the enzyme-substrate complex ES.
The substrate is then transformed into product P and the complex finally dissociates
releasing the product and regenerating the enzyme. However, the reaction is in general
reversible, and the complex can also dissociate back to give free substrate and free
enzyme. All these elementary steps are condensed in the Henri-Michaelis-Menten
(HMM) kinetic scheme [1,2], which is the simplest description of enzyme action:
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Fig. 1 A single enzyme molecule alternates between free (E) and bound (ES) states. At the end of each
cycle, a product molecule may or may not be generated. In this example the third cycle is unsuccessful as the
complex dissociates back into the reactants. The process is inherently stochastic, and only the probability
of generating a product molecule after each cyle is known for each enzyme-substrate pair under specific
conditions. Note that the durations of the free and bound states, and hence of each cycle, are also random
variables

E + S
ka
�
kd

E S
kcat−→ E + P

In this scheme, reversibility of the second step is neglected, and also the necessary
existence of a second complex EP is not accounted for explicitly. If attention is focused
on a single enzyme molecule, the process is inherently stochastic and the elementary
kinetic steps can depicted as shown in Fig. 1.

An important quantity defining enzyme activity is the turnover rate rt [1,2],

rt = 1

[E]0

d[P]
dt

, (1)

where [E]0 = [E] + [E S]. The turnover rate is the number of product molecules
generated per unit time and per enzyme molecule present. This quantity is especially
meaningful when the enzyme concentration is much lower than that of substrate, which
is a common situation.

In this work, a different approach to enzyme kinetics stressing the cyclic nature of
the catalytic process is developed. The time-dependence of the substrate concentration
is derived in a simple way not invoking the quasi-steady-state approximation. It is also
shown that the enzyme kinetic efficiency is best measured by the turnover rate.

2 The basic equations

The differential equations of the HMM mechanism relating the concentrations of the
four species present in a batch reactor are:
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d [S]

dt
= −ka [E] [S] + kd [E S] , (2)

d [E S]

dt
= ka [E] [S] − (kcat + kd) [E S] , (3)

d [E]

dt
= −ka [E] [S] + (kcat + kd) [E S] , (4)

d [P]

dt
= kcat [E S] . (5)

These equations embody the two mass conservation equations

[E]0 = [E] + [E S] , (6)

[S]0 = [S] + [E S] + [P]. (7)

The state of the system is thus defined by the concentrations of any two species. If
the mass conservation equations are used, only two differential equations are needed.
Suitable additional assumptions for a batch reactor are [E S]0 = 0 and [P]0 = 0. The
kinetics is thus controlled by five parameters: Two initial concentrations, [S]0, [E]0,
and three rate constants, ka, kd , and kcat.

No analytical solution is known for the HMM kinetics, that is, the system of two
first-order differential equations has not been solved to yield expressions for the con-
centrations of all species in closed form, i.e., in terms of known functions. Recently,
a general solution was nevertheless obtained in terms of power series expansions [3].
The system of differential equations can also be readily integrated numerically [3],
but at the expense of providing numerical values for all parameters (initial concen-
trations and rate constants) and thus losing in part the general view of the functional
dependence on the parameters. For this reason approximate analytical equations are
of considerable interest.

3 Quasi-steady-state approximation

The traditional approach to HMM kinetics, pioneered by Briggs and Haldane [1,2],
has been to reduce the system of two first-order differential equations to a single first-
order differential equation by using the quasi-steady-state approximation (QSSA),
according to which one of the differential equations, Eq. 3 or 4, is converted into an
algebraic equation by equating the time derivative to zero. In this treatment, based
on observations corresponding to an experimentally meaningful but limited region of
parameter space, it is assumed that after a short period (transient kinetics) the concen-
tration of enzyme-substrate complex ES is approximately constant, and that this in turn
implies a time derivative of [ES] that is precisely zero. This reasoning is clearly ques-
tionable without further discussion (an obvious counter-example is a fast oscillating
concentration not sensibly departing from a constant average value).

123



1952 J Math Chem (2011) 49:1949–1960

The QSSA converts Eqs. 3 and 4 in a simple algebraic equation, and the turnover
rate becomes [1,2]

rt = kakcat[S]
kd + kcat + ka[S] = kcat[S]

Km + [S] , (8)

where Km is the Michaelis constant,

Km = kd + kcat

ka
. (9)

Within the QSSA approximation, the Michaelis constant defines the fraction of bound
enzyme for a given substrate concentration

[E S]
[E] + [E S] = [S]

Km + [S] . (10)

If [S] � Km , then practically all enzyme exists in bound form, saturation is reached,
and the turnover rate attains its maximum value, kcat, also called the turnover number
[1,2]. For [S] = Km the turnover rate is half of the maximal value. Typical turnover
numbers are 100 to 1, 000 s−1, with maximum values of about 106 s−1. Note that
kcat
Km

= ka

1+ kd
kcat

< ka and therefore this ratio gives a minimum value estimate for ka .

The concentration of enzyme-substrate complex is in fact never constant, although
it may change very slowly. The QSSA only holds exactly at a precise time, when the ES
concentration attains its maximum value, and the initial arguments invoked for its use
were qualitative. Only relatively recently were the limits of applicability of the QSSA
to HMM kinetics thoroughly investigated, see e.g. [3–7]. In the following, a simple
approach leading to the same results, but without the need to invoke an approximation
based on a questionable argument, is presented.

4 A different approach to enzyme kinetics

4.1 Catalytic cycles

Enzyme activity can be advantageously depicted as a simple catalytic cycle,

Reversibility is incorporated in the diagram by assigning an effective stoichiometric
coefficient � to the product. This coefficient, which takes values between 0 and 1, is
the so-called enzyme efficiency, i.e., the product yield per cycle, given by [8]

� = kcat

kd + kcat
= kcat

ka Km
. (11)
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Enzymes for which kd � kcat have a � close to unity and are called super-efficient
[9]. For these enzymes the reaction is nearly diffusion-controlled (rt = ka[S]) for
[S] � Km . For enzymes with � � 1 the kinetic situation corresponds to a pre-
equilibrium between reactants and enzyme-substrate complex, and Km reduces to the
equilibrium constant for the dissociation reaction. This is the case originally consid-
ered by Michaelis and Menten [1,2]. The inverse of �, n̄ P , is the average number of
cycles required for conversion of one substrate molecule into one product molecule,

n̄ P = 1

�
= 1 + kd

kcat
. (12)

The product yield per cycle is an important parameter for characterizing enzyme activ-
ity, but it does not tell at which frequency catalytic cycles proceed. What is then the
duration (or period) of a catalytic cycle? This duration is statistical (see Fig. 1) and
has an average value τc given by [8]

τc = 1

ka[S] + 1

kd + kcat
= 1

ka

(
1

[S] + 1

Km

)
, (13)

see “Appendix A”. The cycle duration is the sum of two terms corresponding to the
two halves of the catalytic cycle: The first term, 1/(ka[S]), is the average duration (or
lifetime) of the enzyme in the free state. This duration is inversely proportional to the
free substrate concentration. The second term, 1/(kd + kcat), is the average duration
(or lifetime) of the enzyme-substrate complex, and is independent of the concentration
of substrate.

Using Eqs. 11 and 13 the turnover rate can be rewritten in a simple way [8],

rt = �

τc
. (14)

The meaning of Eq. 14 is clear: The turnover rate is the number of successful E →
E S → E cycles per unit time and per enzyme molecule. Increase of the substrate con-
centration does not change the yield of product formation per cycle �, but reduces the
average cycle duration τc, as the free enzyme lasts less time before forming a complex
with the substrate. However, above a certain substrate concentration (saturation condi-
tions, [S] � Km), the cycle duration attains a constant, minimum value, 1/(kd +kcat),
controlled by the complex lifetime, and therefore the turnover rate reaches its maximal
value kcat.

Equation (14) also shows that for a given substrate concentration, a super-efficient
enzyme may have a turnover rate lower than that of a less efficient one, as the turnover
rate is controlled by both the yield of product formation per cycle � and the cycle
duration τc. In kinetic terms it is the turnover rate that defines the kinetic efficiency,
and not so much the � parameter per se. Under saturation conditions, the turnover rate
even reduces to the turnover number kcat. It is thus debatable that enzymes with a �

close to unity should be called perfect enzymes [9]. Another reason for avoiding this
qualifier in general, even for the enzymes with the highest kcat, is that in most cases,
relatively slow rates are the adequate ones for the required biological function.
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For a reaction in a closed vessel (batch reactor) it may be asked: In how many
catalytic cycles is each enzyme (on the average) engaged during the entire course of
the reaction? To answer this question, we first note that [S]0/[E]0 substrate molecules
are converted into product molecules by each enzyme. In this way, and using Eq. 12,
the total average number of cycles per enzyme for the complete course of the reaction
is

n̄c = n̄ P [S]0

[E]0
. (15)

For efficient enzymes that are in large excess, one cycle suffices for the reaction
to attain completion. In fact, all complexes form almost simultaneously, the cycles
are completed at approximately the same time, and the reaction is terminated in one
period. If the enzymes are less efficient, several periods are required, but all substrate
molecules have a common start and react in a parallel, noncompetitive fashion. The
situation [E]0 � [S]0 has therefore little practical interest in the laboratory, as the
reaction would be very fast, and even rapid mixing techniques could not be used,
except for extremely low enzyme concentrations.

When it is the substrate that is in excess, however, most substrate molecules must
wait for a chance to form a complex with an available enzyme. The reaction takes
much longer and needs a different description.

4.2 Substrate in excess

The case where [S]0 � [E]0 is the more common situation, at least in vitro. Typically,
enzyme concentrations of 10−8 to 10−10 M are used, whereas substrate concentrations
are usually greater than 10−6 M. Under these conditions the enzymes, even when
super-efficient, must perform many catalytic cycles. Equations 1, 13, and 14 give

d[P]
dt

= ka� [E]0
1

[S] + 1
Km

= kcat [E]0

1 + Km[S]
. (16)

Equation 16 is valid if many catalytic cycles take place for each enzyme before com-
pletion of the reaction that is, if substrate concentration changes slowly compared
to the cycle duration. Using Eq. 15, this implies that [S]0 � [E]0 �, a condition
that clearly holds if the total enzyme concentration [E]0 is much less than the sub-
strate concentration [S]0. In order to proceed, it is noted that [S]0 � [E]0 implies
that [S] ∼= [S]0 − [P], and using this relation Eq. 16 can be integrated in order to
obtain [P](t). The concentration of substrate is next obtained from the same equation
[S] ∼= [S]0 −[P]. The final result is known in both implicit [10] and explicit [4] forms,
see “Appendix B”. The explicit form is [4]

[S] = Km W

[( [S]0

Km

)
exp

( [S]0

Km

)
exp

(
−kcat [E]0

Km
t

)]
, (17)
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where W (x) is the Lambert function. A more general solution encompassing Eq. 17
was recently obtained [3], and is also given in “Appendix B”.

A second non-standard derivation also leading to Eq. 17 starts from Eq. 7. Dif-
ferentiating it with respect to time, and taking into account that during the so-called
quasi-steady-state, the concentration of ES changes much less rapidly than that of S,

d[P]
dt

∼= −d[S]
dt

. (18)

Insertion of Eq. 18 into Eq. 16 gives

− d[S]
dt

= kcat [E]0

1 + Km[S]
. (19)

This equation is identical to that obtained from the QSSA [1,2]. Although the final
result is identical, the present derivations are more satisfactory. The mathematically
drastic approximation implicit in the QSSA (i.e. equating the derivative of [ES] with
respect to time to zero) is not necessary for arriving at Eq. 19 or to the integrated
solution (see “Appendix B”). According to the first derivation, there is even no need
to consider the time derivative of [ES], it being enough to take into account that when
[S]0 � [E]0 the condition [E S] � [S] + [P] is obeyed for all times.

It is interesting at this point to mention two limiting situations:

(i) If [S]0 � Km , the substrate concentration obeys zero-order kinetics (down to
[S] ≈ Km):

[S] = [S]0 − kcat [E]0 t. (20)

Historically, the observation of this behavior provided striking kinetic evidence for the
existence in solution of a relatively stable enzyme-substrate complex, entity whose
existence had already been postulated by Emil Fischer (the famous 1894 lock-key
analogy) and others.

An approximate equation for the substrate concentration covering both the initial,
transient part, and the subsequent steady-state linear time evolution is [11],

[S] = [S]0 − kcat [E]0 t − [E]0

(
1 − e−ka [S]0t

)
. (21)

(ii) If [S]0 � Km (but still with [S]0 � [E]0), the substrate concentration obeys
first-order kinetics:

[S] = [S]0 exp (−ka� [E]0 t) = [S]0 exp

(
−kcat [E]0

Km
t

)
. (22)

The corresponding equations for the product are obtained from [P] = [S]0 − [S].
Equations 17, 20 and 22 show that by changing the substrate initial concentration,

and by following the time course of the reaction, it is possible to determine the values of
kcat and Km . This is accomplished by a number of data analysis methods [2,12,6,13].
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4.3 Pre-equilibrium

Under pre-equilibrium conditions [14] � � 1, a fast equilibrium between S, E and
ES is rapidly established, and the conversion of ES into P takes place at a compara-
tively much slower rate. When [S]0 � [E]0, the results of the previous section apply.
Nevertheless, Eq. 16 is still valid when the substrate is not in excess, provided that
[S]0 � [E]0 �. In such a case, the ES concentration is significant and [S] ∼= [S]0−[P]
is not valid. It is then preferable to write [S′] = [S]0 − [P], where [S′] is the total
substrate concentration, [S′] = [S] + [E S], and to change the variable in Eq. 16 to
[S′]. Using the equilibrium constant, [S] can then be related to [S′] and the equation
finally integrated. The detailed procedure is presented in [3], where a general solution
is given.

4.4 The initial transient phase

The full set of three rate constants (ka, kd , and kcat) can only be obtained from an addi-
tional study of the initial time-dependence of the concentration during the so-called
transient phase [12], the initial period that lasts less than the average cycle time τc

(a few milliseconds at most). During at least the early part of this phase, the substrate
concentration is approximately equal to its initial value, and therefore the situation is
represented by

E
ka [S]0
�
kd

E S
kcat→ P + E

The concentrations of free enzyme and enzyme-substrate complex are

[E] = [E]0
Km + [S]0 exp [−ka (Km + [S]0) t]

Km + [S]0
= [E]0 (1 − ka [S]0 t) + · · ·,

(23)

[E S] = [E]0 [S]0
1 − exp [−ka (Km + [S]0) t]

Km + [S]0
= ka [E]0 [S]0 t + · · · (24)

For very short times the free enzyme and the enzyme-substrate complex concentrations
evolve linearly with time, and for longer times they nearly stabilize at the steady-state
values.

The concentration of product follows from Eqs. 5 and 24 [12,3],

[P] = kcat [E]0 [S]0

Km + [S]0

(
t − 1 − exp [−ka (Km + [S]0) t]

ka (Km + [S]0)

)

= 1

2
kakcat [E]0 [S]0 t2 + · · · (25)

For very short times the product evolves in a quadratic way with time, and for longer
times it increases linearly with time. For still longer times it stabilizes and attains a
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Fig. 2 Average cycle duration
(τc , given by Eq. 13) for
β-galactosidase (solid line) and
peroxidase (dashed line) as a
function of substrate
concentration (RGP and H2O2,
respectively). The horizontal
lines correspond to the minimum
cycle duration for each
enzyme-substrate pair, 53 μs and
220 ms, respectively
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Fig. 3 Turnover rate (rt , Eqs. 8
and 14) for β-galactosidase
(solid line) and peroxidase
(dashed line) as a function of
substrate concentration (RGP
and H2O2, respectively). The
inset shows the cross-over of the
turnover rates that occurs at low
substrate concentration
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constant value [S]0 but owing to the assumptions made this final phase is not predicted
by Eq. 25. Finally, the concentration of substrate is approximately given by [11]

[S] = [S]0 − kcat [E]0 [S]0

Km + [S]0
t

− [E]0 [S]0 (kd/ka + [S]0)

(Km + [S]0)
2 (1 − exp [−ka (Km + [S]0) t]) . (26)

5 Application to real systems

Results for two enzyme-substrate pairs, β-galactosidase and RGP (resorufin-β-D-
galactopyranoside) at 22◦C [15], and peroxidase and H2O2 at 25◦C and pH = 4 [16,17],
are now discussed and displayed in Figs. 2 and 3. The corresponding kinetic parameters
are given in Table 1:

For the first pair, the average lifetime of the enzyme-substrate complex, given by
1/(kd + kcat), is 53 μs, and the product yield per cycle � (Eq. 11) is only 5%. The
enzyme is thus far from being super-efficient. The minimum cycle duration (53μs) is
attained for substrate concentrations higher than about 40 mM, for which the turnover
rate attains its maximum value, kcat = 900 s−1.

For the second pair, the enzyme-substrate complex has an average lifetime of about
220 ms, and the product yield per cycle is now 98%, the enzyme being close to super-
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Table 1 Kinetic parameters for two enzyme-substrate pairs

Enzyme-substrate pair ka/M−1 s−1 kd/s−1 kcat/s−1 Km/M kcat/Km/M−1s−1 �

β-galactosidase/RGP [15] 5 × 107 1.8 × 104 900 3.8 × 10−4 2.4 × 106 0.05

peroxidase/H2O2 [16,17] 1.2 × 107 0.1* 4.5 3.8 × 10−7 1.2 × 107 0.98

*Average value

efficient. The minimum cycle duration (ca. 220 ms) is attained for substrate concentra-
tions higher than about 30μM, for which the turnover rate attains its maximum value,
kcat = 4.5 s−1.

A crossing of the turnover rates is apparent in the inset of Fig. 3: For low substrate
concentrations, peroxidase displays the highest values, as it has the highest cycle effi-
ciency �; for higher substrate concentrations the reverse happens however, owing to
the more elevated turnover number kcat of the β-galactosidase system. The overall effi-
ciency for a given enzyme-substrate pair is therefore better measured by the turnover
rate, which is a function not only of the kinetic parameters but also of the substrate
concentration.

6 Conclusions

A different mathematical approach to Henri-Michaelis-Menten enzyme kinetics was
presented and applied to real systems. This pedagogically useful description stresses
the cyclic nature of the catalytic process. The approach provides parameters that define
enzyme efficiency (product yield per cycle, Eq. 11) and speed (average cycle dura-
tion, Eq. 13). The turnover rate can be described in terms of these two parameters
by an equation (Eq. 14) that has a clear dynamical meaning. The total number of
cycles per enzyme was also obtained (Eq. 15). The time-dependence of the substrate
concentration after the initial transient phase (Eq. 17) is derived in a simple way
that does not require the quasi-steady-state approximation. An approximate equation
for the substrate concentration covering both the transient phase and the subsequent
steady-state part is also given (Eq. 26). Application of the results to two real systems
allowed obtaining numerical values of the parameters defined, and concluding that
enzyme kinetic efficiency is best measured by the turnover rate, which is a function
of substrate concentration. It is important to note that both the QSSA and the present
derivation fail to correctly describe HMM kinetics when substrate and enzyme con-
centrations are comparable. In this case a more complex approach is required, see [3]
and references therein, an approximate result being for instance Eq. B5.

Appendix A

The average duration of a catalytic cycle, Eq. 13, can be derived as follows: Consider
the cycle sequence E → E S → E for an individual enzyme, as shown in Fig. 1.
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Its duration tc, for a particular realization, is

tc = tE + tE S, (A1)

where tE and tE S are the durations of the two steps, i.e., of the enzyme and enzyme-
substrate complex species. As these durations are independent, the average duration
is

τc = t̄ = t̄E + t̄E S, (A2)

where t̄E and t̄E S are the average durations of the two species. The probabilities that
enzyme and enzyme substrate react between t and t + dt after their formation are
given by exponential distributions [8], as both decay by genuine first-order or pseudo
first-order processes,

fE (t) = ka[S] exp (−ka[S]t) , (A3)

fE S(t) = (kd + kcat) exp [− (kd + kcat) t] , (A4)

hence the average durations are

t̄E =
∞∫

0

t fE (t)dt = 1

ka[S] , (A5)

t̄E S =
∞∫

0

t fE S(t)dt = 1

kd + kcat
, (A6)

and Eq. 13 is obtained. Note that [S] varies in the course of the reaction but is assumed
not to change significantly for the average duration of a cycle, in agreement with the
hypothesis that [S]0 � [E]0.

Appendix B

Equation 19 can be integrated by separation of variables to give

ln
[S]0

[S] + [S]0 − [S]
Km

= kcat [E]0

Km
t. (B1)

This integrated form has been known for a long time: A form analogous to Eq. B1
was already obtained by Henri in 1903 [18] under the assumption of a pre-equilibrium.
For the result free from this assumption see [10] and references therein. More recently,
and with the help of technical software, Schnell and Mendoza [4] recognized that the
substrate concentration can be explicitly given as a function of time in terms of the
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Lambert W function. This function is defined as the inverse function of xex , that is, if
y = W (x) then yey = x Indeed, Eq. B1 can be rewritten in the form

( [S]
Km

)
exp

( [S]
Km

)
=

( [S]0

Km

)
exp

( [S]0

Km

)
exp

(
−kcat [E]0

Km
t

)
, (B2)

hence [4]

[S] = Km W [F(t)] , (B3)

with

F(t) =
( [S]0

Km

)
exp

( [S]0

Km

)
exp

(
−kcat [E]0

Km
t

)
. (B4)

The physical content of Eq. B3 is of course identical to that of Eq. B1, but the
explicit form is more elegant and also more convenient for computational purposes,
as the Lambert function is implemented in technical computing software (e.g. as Prod-
uctLog[x] in Mathematica). Equations 22 and 20 follow from Eq. B3, as for small x
the Lambert function becomes W (x) = x , and for large x the function is W(x) ≈ ln x .

A more general solution, accurate after the transient phase, and encompassing
Eq. B3 is [3],

[S] = Km W [F(t)] − [E]0
W [F(t)]

1 + W [F(t)]
. (B5)
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